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Abstract 

We study the minimal supersymmetric standard model derived from the 
orbifold models and its hidden sectors. We use a target-space duality 
anomaly cancellation so as to investigate hidden sectors consistent with the 
MSSM unification. For the allowed hidden sectors, we estimate the running 
gauge coupling constants making use of threshold corrections due to the higher 
massive modes. The calculation is important from the viewpoint of gaugino 
condensations, which is one of the most promissing mechanism to break the 
supersymmetry. 



Superstring theories are only candidates for unified theories of all the known in- 
teractions. To contact the 'measurable' world, we have to derive in a low energy limit 
the standard model including recent LEP measurements, which show that all gauge 
coupling constants of the model are unified simultaneously at Mqut = lO^^GeV 
within the framework of the minimal supersymmetric standard model (MSSM) [1- 
4]. Much work has been devoted to obtain the MSSM as string massless spectra. 
The string theory implies that all coupling are identical at a string scale Mgtring = 
5.27 X (^string X 10^'^GeV [|], ||, where (y'string — l/"\/2 is the universal string coupling 
constant. This difference between Mqut and Mstring seems to reject the possibility of 
a minimal superstring model which has the same matter fields as the MSSM. 

However this situation could change by threshold corrections due to higher mas- 
sive modes. Threshold corrections have been calculated in the case of the orbifold 
models [5-8] . A target-space duality symmetry |P, plays an important role in the 
calculation and becomes anomalous by loop effects. This anomaly can be cancelled 
by the Green-Schwarz mechanism and threshold effects due to towers of mas- 
sive modes. This anomaly cancellation and the unification of the SU{3), SU{2) and 
U{1)y gauge coupling constants were investigated systematically in ref.[jl2|, which 
shows that all the Zm orbifold models except Zq-11 and Zg-I have no candidate for 
the minimal superstring unification. Within the framework of the Zg-l orbifold model, 



explicit search for the minimal string model was studied in ref. 



In addition, effective field theories derived from the superstring theories have an- 
other problem on a mechanism of the SUSY-breaking. Some realistic SUSY-breaking 
is expected to occur in a hidden sector. Ignorance about the hidden sector also makes 
it difficult to search realistic models. A gaugino condensation mechanism is one of the 
promissing candidates for the realistic SUSY-breaking with a hiarachy [14-23]. The 
scale of the condensation Mcond and that of the observable SUSY-breaking Msusy 
are related as Msusy — ^cond/^p; where Mp is the Planck scale. In order to lead to 
the SUSY-breaking at ITeV, the condensation must occur near by lO^^GeV. There- 
fore it is important to study coupling constants of the hidden gauge groups around 
the scale, although we have never understood the condensation mechanism. 

In this paper, using the Zg-l orbifold model we investigate all the possible minimal 
string models which have the SU{3) x SU (2) x f/(l)y gauge group, three generations, 
two Higgs particles, their superpartners and no extra matter except singlets as the 
observable sector. Further we study the unification of the gauge coupling constants 
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of SU{3) and SU (2) among the models. We have an ambiguity on a normahzation 
of the U{1)y charges. Hereafter we do not discuss on the U{1)y group. Next we 
investigate the hidden sectors consistent with the above observable sector from the 
viewpoint of the duality anomaly cancellation and analyze values of their coupling 
constants at lO^^ ^GeV through renormalization group equations including threshold 
corrections. 

Here we study the Zg-l orbifold models |2^, The 6-dim orbifold is obtained 
through a division of by space group elements {6, eb), where are vectors spanning 
an S0{9) x S0{5) lattice and 6 is an automorphism of the lattice. The twist 6 has 
eigenvalues exp[27ri(l, 2, — 3)/8] in a complex basis (Xj, Xi) {i = 1, 2, 3). The orbifold 
models consist of the string on the 4-dim space-time and the orbifold, its right-moving 
superpartner (RNS string) and a left-moving Eg x E'^ gauge part, whose momenta 

(I = 1 ^ 16) span an Eg x Eg lattice. When we bosonize the RNS part, their 
momenta span an SO{10) lattice. The twist 6 is embedded into the SO{10) and 
Eg X E'g lattices in terms of shifts f * (t = 1 ~ 5) and (J = 1 ~ 16), respectively. 
The shift f* is obtained as f* = (1, 2, — 3, 0, 0)/8 and the shift should satisfy a 
condition: 8V^ = (mod E^ x Eg lattice). All possible shifts are shown explicitly 



in ref.|^6[. Also the vector eb is embedded into the Es x Eg lattice by a Wilson line 
Og^, whose charactaristics depend on the structure of the orbifold. Refs.[^, |2^ show 



that the Zg-l orbifold has two indepent Wilison lines with order two. 

Closed strings on the orbifold are classified into untwisted strings and twisted 
ones. Gauge bosons belong to the untwisted sector and their momenta satisfy 
P^V^ =integer and P'^ag^=integer. Massless matter fields of the untwisted sector 
have the momenta P^ satisfying 8P^V^ =1,2,5 (mod 8) and P'^ag^=integer. The 
other untwisted states satisfying P'^ag^=integer correspond to antimatter fields. We 
can find En {N = 6,7,8), S0{2N) {N < 8) and SU{N) {N < 8) as the gauge 
subgroups through the shift and the Wilson lines in the Zg-I orbifold models 
M]. Further we study in detail combinations of the shift and the Wilson lines 



leading to SU{3) x SU{2) x U{lY as the observable gauge group. We assume that 
some Higgs mechnism breaks undesirable U{1) symmetries including f/(l)'s of the 
hidden sector except f/(l)y. An explicit analysis on all the possible shifts and Wilson 
lines shows the Zg-I orbifold model with the observable gauge group have the number 
of the (3,2) untwisted matter fields associated with the z-th plane, ^"(3^2) follows, 

N^^ < (1A£), (1) 
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where the underhne represents any permutation of the elements and N^^ 2) ^ {^^ ^) c) 
imphes -/V"(3^2) — ^{3,2) — ^ ^^(3,2) — <^ simultaneously. Similarly we obtain 

Ni-s,i)<iW) or (2,0,2), (2) 

A^(V2)< (3,0,1), (2,1,0), (1,2,1) or (2,0,2), 
where A^(3^i) and A''(i.2) represent the number of the (3, 1) and (1,2) untwisted matters. 

For the twisted sector, wc can find matter fields in ^™-twisted states (m = 
1,2,4,5). Massless matter fields of the twisted sector satisfy the following condi- 
tion: 

hxM + Nose + Cm -1=0, (3) 

where hxM is a conformal dimension of the Es x E'^ gauge part, A^osc is a number 
operator and is obtained as 

1 ^ 

= - ^ (|mv*| - Int(|mv*|)) (l - |mv*| + Int(|mv*|)) , (4) 

where Int(a) represents an integer part of a. A representation R of the group G 
contributes to the conformal dimension as 

h - (5) 

where A; is a level of a Kac- Moody algebra corresponding to G and C{R) (C(G)) is 
a quadratic Casimir of the R (adjoint) representation, e.g. C{G) — N for SU{N). 
Here and hereafter we restrict ourselves to the case where k—1. For example, a (3,2) 
representation of SU (3) x SU (2) has the conformal dimension Hkm — 7/12. The (3,2) 
matter fields can be obtained from states oscillated by dXi with A^osc = 1/8 in the 9- 
and ^^-twisted sectors, as well as non-oscillated states. Similarly matter fields with A^- 
dim fundamental representations of SU {N) (N = 4 8) can be obtained from states 
with iVosc = 0, 1/8, 2/8 in the 6- and 6'^-twisted sectors and A^osc = 0, 2/8 in the 6"^- 
twistcd sector. However we can not find the above matter fields in the oscillated states 
of the ^^'^-twisted sector. Note that the ^-twisted states with Nqsc = 2/8 are created 
by two oscillators {dXiY with Nqsc = 1/8 and an oscillator 8X2 with A^^osc = 2/8. 
For (3,1) and (1,2) representations of SU{3) x SU{2), oscillators corresponding to 
-^osc = 3/8 in the 9- and ^^^-twisted sectors arc allowed in addition to the above 
range of iVosc for the iV-dim fundamental representations of SU{N) (A^ = 4 ~ 8). 
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In genaral the orbifold models have the duahty symmetry. The effective field 
theories derived from the string models are invariant under the following SL{2, Z) 
transformation of a modulus Tj {i = 1,2, 3) associated with the i-th plane: 

- ^^1^, (6) 

with ai,bi,Ci,di G Z and aidi — hiCi = 1. Under the duality the chiral matter fields 
Aa transform as follows, 

3 

A^^ A^Y[{zcm + d,)<, (7) 

i=l 

where is called a modular weight |1^, 0. The untwisted matter fields as- 



sociated with the i-th plane have = —Sj. The 6-, 9"^-, 9^- and 6'^-twisted sec- 
tors without oscillators have n*=(— 7, — 6, — 3)/8, (— 6, — 4, — 6)/8, (— 4,0,— 4)/8 and 
(—3, —6, — 7)/8, respectively. An oscillator dXi reduces the corresponding elements of 
the modular weight by one and the oscillator dXi contributes oppositely. For example 
the matter fields with the A^-dim fundamental representation of SU{N) {N = 4 ~ 8) 
can possess the following modular weights: 

n' =( -1,0,0 ), B,-6,^)/8, (^,-6,^)/8, (^,-6, ^)/8, 

(8) 

B,-14,^)/8, (-6,-4,-6)/8, (^,-4,^)/8, (-4,0,-4)/8. 

Similarly we can obtain allowed modular weights for the (3,2), (3, 1) and (1,2) matter 
fields of SU{3) x SU{2), taking into account the possible values of Ai'osc- 

Loop effects make the duality symmetry anomalous. Its anomaly coefficient for 
the i-th plane is obtained as 

6l^ = -C(G.) + ^T(E)(l + 2ny, (9) 

where a represents a suffix for a gauge group and T{K) is an index given as T{K) = 
C(^)dim(^)/dim(G), e.g., T{R) = 1/2 for the A^-dim fundamental representation 
of SU{N). This anomaly can be cancelled by two ways. One is the Green-Schwarz 
mechanism, which is independent of the gauge groups. The other is due to the 
threshold effects. Since only the N = 2 supermultiplets contribute to these effects, 
the threshold corrections depend on the modulus whose plane is unrotated under some 
6'™' twist. Thus for the Z^-l orbifold the corrections depend on T2. Further for the first 
and third planes the duality anomaly should be cancelled only by the Green-Schwarz 



4 



mechanism. Therefore we obtain necessary conditions for the anomaly cancellation 
as 

b'^uis) - b'^u(2) - b':, (z = l,3), (10) 

where b'^ implies an anomaly coefficient of some hidden sector. We assign all the 
possible modular weights to the three (3,2), six (3, 1) and five (1,2) matter fields of 
SU{S) X SU{2) using eqs.(l) and (2), and analyze the anomaly cancellation condi- 
tion for the SU{3) and SU{2) parts of eq.(lO). We can find 2946 combinations of 
(^sc/(3)> b'^u{2)) satisfying eq. (10), up to the values of b^^.^^ and b^^^y 

Now we consider running gauge coupling constants including the threshold cor- 
rections. The one-loop coupling constants 5'a(//) at a scale /i are obtained as 



1 1 ba 



where rj{T) is the Dedekind function, is a gauge group independent GS coefficient 
and ba are A'" = 1 /9-function coefficients, i.e., 6su(3) = ~3 and 6su(2) = 1- From this 
renormalization group flow, we can derive a unified scale M^-b of two couplings, ga 
and gb through the following relation: 

logTT^ = 9 A uM {T2 + T,MT,)\% (12) 

Here we discuss the unification of the SU{3) and SU{2) gauge coupfing constants. 
They should be unified at Mgut as shown in the measurements. Note that 
[(^2 + 7'2)|77(r2)|^] is always less than one. To derive Mqut < -/^string from eq.(12), 
the anomaly coefficients must satisfy the following condition: 

bsu{3) > b'su(2y (13) 

We obtain the range of Afe'^ = bg^^^^-^ — b'g^^^ for the assignments of the MSSM matter 
fields allowed by eqs.(lO) and (13) as 1/4 < Afe'^ < 17/2. We use Mgut = lO^^ ^GeV 
and Mstring = 5.27/-\/2 x 10^^ °GeV so as to get a minimum value ReT2 — 5.5 in the 
minimal string unification derived from the Zg-I orbifold models. 

Now we investigate hidden sectors consistent with the observable sector discussed 
above, i.e., the possible assignments for the observable MSSM unification satisfying 
eqs.(lO) and (13). At first we consider the hidden gauge subgroups which do not have 
matter fields with non-trivial representations. In the case the anomaly coefficients 
b'i are determined by C(G'„), i.e., b'i = -C(G'„), where C{Es) = 30, C{Ey) = 18, 
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C{Ee) = 12 and C{S0{2N)) = 2N - 2. The Casimir C{G) for all the possible 
subgroups are hsted in the first column of Table 1. For these values of b'^ we study 
whether the hidden secotors satisfies the condition (10) with the observable MSSM 
unification. The results are shown in the second column of Table 1. In this case the 
groups with C{G) > 14 are ruled out as the hidden sector of the MSSM. Then we 
obtain the range of Ab'"^ for the allowed combinations of the observable and hidden 
sectors, and the ranges are found in the third column of Table 1. The column also 
shows the corresponding values of ReT2. It seems natural that the value of ReT is of 
order one. That requires larger values of A6'^. Hereafter we discuss the case where 
A6'^ > 3. Actually the value Ab'"^ = 3 corresponds to ReT2 ~ 12. 

Next we study the running gauge coupling constants of the hidden sector allowed 
at the previous stage. Making use of eq.(12) we can easily get a scale where the 
couplins constants of the hidden and the observable SU{2) (or 5'[/(3)) gauge groups 
unify. Further we use eq.(ll) so as to derive the hidden gauge coupling constant at 
10*GeV as 

where = gl/4:7i and acuT is obtained by the unified coupling constant Qgut of 
SU{3) and SU{2) as ogut = S'gut/^tt. Now we calculate aait = 13.0) of the hidden 
sector which is consistent with the minimal string unification from the viewpoint of 
the duality anomaly cancellation. We use Oqut ~ 

25.7 at Mgut = lO^^-OGeV [| and 
Mstring = 5.27/^2 X 10^^-°GeV to estimate a'^ at 10^^-° GeV. The results are found 
in Table 1, where the fourth column shows the allowed ranges of ^^^(t = 13.0). If 
the value of blows up at a higher energy than lO^^GeV, the fifth column of Table 
1 shows the ranges of the scales Mbiow where = 0. The gaugino condensation 
of SU(3) or SU(4) without non-trivial matter fields might happen around lO^^GeV, 
while the larger gauge groups might lead to the condensation at a higher scale than 
lO^^GeV. 

Now we study the hidden sector of the gauge groups which have the matter fields 
with the non-trivial representations. Here we restrict ourselves to the SU (N)' gauge 
groups. First of all, we consider the hidden sectors which has the gauge subgroup 
SU{2)' and one matter field with the doublet representation. We assign all the pos- 
sible modular weights to the matter field and calculate the values of &su(2)' satisfying 
eq.(lO). In a way similar to the above discussion we estimate the range of the agu(2)' 
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at 10^3.0QgY_ obtain 14.9 < a^^^^y < 21.7 for the hidden 5f/(2)' couphng con- 
stans consistent with the MSSM as the observable sector. If we consider the SU (2)' 
gauge group with two doublets, we derive from the consistency with the MSSM the 
values of (ys\j{2y -'-^•S < ctsu(2)' — 32.2. When we discuss the SU^N)' {N > 2) 
group with matter fields of non-trivial representations, we have to take into account 
a gauge anomaly. The cancellation of the anomaly requires that there appear the 
same number of the A^-dim fundamental representations as their conjugate ones. For 
example we study the hidden sector which has the SU{3)' gauge group and a pair of 

3 and 3 matter fields. We obtain 6.7 < aguj-gy < 26.5 at lO^^'^GeV for gauge cou- 
pling constant of the hidden sector consistent with the observable MSSM unification. 
Similarly we estimate other types of the hidden sectors consistent with the observable 
MSSM unification using eq.(8). These analyses for the SU^N)' {N = 4,5,6) gauge 
subgroups and four or less pairs of matter fields with A^-dim fundamental and its 
conjugate representations are found in Table 2. If the gauge coupling constants blow 
up in some assignmetnts of the modular weights to the matter fields, the table shows 
the maximum blow-up scales Mbiow (GeV) in parentheses instead of the minimum 
values of a~^. We need several matter fields with non-trivial representations unless 
the coupling constants of SU{y)' and SU{^)' blow up at higher scale than lO^^GeV. 
The SU(J)' and SU (8)' groups require at least the four and six pairs of A^-dim funda- 
mental and its conjugate representations, respectively. Actually we have a maximum 
of OL'sij(jy{t = 13.0) equal to 1.4 in the hidden sector with SU{7y and the above four 
pairs, while the model shows a maximum blow-up scale Mbiow is equal to 10^^'^GeV. 

At last we discuss the case where gauginos of two gauge subgroups condensate. 
Refs. [p!9|, p^] show that two or more condensations lead to more realistic SUSY- 
breaking than the unique condensation. Here we consider the hidden sectors which 
have the S't/(4)' (or S't/(3)') gauge group without non-trivial representation matter 
and the SU{N)' gauge group with one or two pairs of A^-dim fundamental and its 
conjugate representations, and we investigate their consistency with the MSSM uni- 
fication. It is obvious that there never appear simultaneously different gauge groups 
without nontrivial matter. For example we consider the hidden sector which has the 
S'f/(4)' gauge group without nontrivial matter and SU (4)' gauge group with a pair of 

4 and 4 matter fields. Explicit analysis shows that the above combination is allowed 
only at h'gjj^^y = —3 as well as ^5(7(4)/ = — 4 (i = 1, 3) for the latter S'[/(4)'. Further 
in a way similat to the above we obtain the range of «5^(4y for the latter S'f/(4)' 
as 6.0 < 055^(4)/ < 11.5 at lO^'^ ^GeV. Of course the S'f/(4)' gauge subgroup without 
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matter gives the same values of as in Tabic 1. The results for the allowed hidden 
sectors are shown in Table 3, where the second and third rows show a~^{t = 13.0) of 
the hidden sectors consistent with SU{3)' and SU{4)' hidden subgroups which have 
no nontrivial matter. In this case, the given values of b^jj^j^^y are restricted tightly 
and the corresponding values are written in the second and third rows. The condition 
due to the duality anomaly cancellation forbids the other combinations of the SU (4)' 
(or SU{3y) group without matter and the SU{N)' {N < 8) group with the two or less 
pairs of matter fields which have the A^-dim fundamental and its conjugate represen- 
tations. For the allowed combinations, the ranges of become narrow compared 
with those in Table 2. Therefore imposition of the two or more gaugino condensations 
avails to constrain the hidden sector. 

To sum up, we have studied all the possible MSSM's from the Zg-l orbifold models 
and their hidden sectors. The orbifold models rule out the gauge groups with Casimir 
C{G) > 14 and no nontrivial matter field as the hidden sector of the observable 
MSSM. Further we have estimated the gauge coupling constants of the hidden sectors 
using the threshold corrections. It is interesting to apply the above analyses to the case 
of the .^6-11 orbifold model, which is another promissing model for the MSSM among 
the Z]\f orbifold models. Extension to Zj^ x Zm orbifold models is more complicated, 
since three planes of the orbifolds arc unrotated under some twist. However it is 
important to discuss the orbifold models from the viewpoint of the above approach. 
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Note added 



After almost completion of this work, the author received by S. Stieberger a paper 
which show threshold corrections are modified in the case where orbifolds are 
not decomposed into three 2-dim orbifolds, although they do not discuss the Zg-I 
orbifold models. Even if we need a modification on the threshold corrections, the 
above discussions do not change except replacement of the value of ReT2 leading to 
Mgut- 
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Table 1. hidden sectors without matter 

The second column shows whether or not each gauge group is allowed as the hidden 
sector of the MSSM unification from the viewpont of the duality anomaly cancellation. 
+ and - imply allowed groups and forbidden ones, respectively. 



C(G) 


ATimn cpivic 


(ReTn) 




.^*^blow ^vjc V } 


2 


+ 


8 ~ 1/4 (5.8 ~ 115) 


13.5 - 17.8 




3 


+ 


8 ~ 1/4 (5.8 ~ 115) 


8.1 - 12.0 




4 


+ 


7- 1/4 (6.4-115) 


2.0-6.2 




5 


+ 


7- 1/4 (6.4- 115) 




1013.0 _ 1013.7 


6 


+ 


13/2- 1/4 (6.7- 115) 




1013.8 ^ 1014.3 


7 


+ 


13/2- 1/4 (6.7- 115) 




1014-4 - 1014-9 


8 


+ 


!)/2 - 1/4 (8.9 - 11.5j 




1()1J-'' 10l'"5.2 


10 


+ 


7/2 - 1/4 (11 - 115) 




1015.7 


12 


+ 


3/2 - 1/4 (21 - 115) 






14 










18 










30 











Table 2. hidden sectors with matter fields 

The second row shows cng^^j^y^t = 13.0) of the corresponding hidden gauge subgroups 
SU{Ny {N = 4, 5, 6) with one pair of A^-dim fundamental and its conjugate repre- 
sentations. Similarly the third, fourth and fifth rows show 0!glj(j^-^{t = 13.0) of the 
subgroups with two, three and four pairs of the above representations. 



Matter 


SU{4) 


SU{5) 


SU{6) 


1 pair 


3.3- 11.5 


(1013.5) ^ 5.8 


(1014.2) ^ 0.1 


2 pairs 


3.6- 13.8 


(1013-3) ^ 8.1 


(1013-9) - 2.4 


3 pairs 


3.2- 16.2 


(1013-4) ^ 10.5 


(1014-2) - 4.7 


4 pairs 


3.5- 18.5 


(1013-4) - 12.8 


(1014-4) - 7.1 



Table 3. hidden sectors with two gaugino condensations 

In the first row {N, M) represents the gauge group SU (N)' with M pairs of A^-dim 
fundamental and its conjugate representations as the hidden sectors. 



{N,M) 


(4,1) 


(5,1) 


(4,2) 


(5,2) 


(6,2) 


SU{3) 


4.6 - 10.1 

(-5) 




7.0 - 12.5 

(-4) 


0.0-5.4 

(-7) 




SU{4:) 

i^'su{N)) 


6.0 ~ 11.5 

(-3) 


(1013-2) ^ 4.4 
(-6) 


5.0 ~ 13.8 
(-2,-4,-5,-6,-7) 


1.3 ~ 6.8 

(-5) 


(1013-8) ^ 0.4 
(-7) 



